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Motivation

Doebner and Mann introduced an approach to the ray representations
of the Galilei group in (1 + 1)-dimensions, giving rise to quantum
genertors with an explicit dependence on time.
Our purpouse is to extend their approach to higher dimensions. As a
result, we determine the generators of the ray representation in
(2 + 1)- and (3 + 1)-dimensions.
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Wigner’s Theorem and Ray Representations
Rψ = {ϕ ∈ H : |ϕ〉 = τ |ψ〉 , |τ | = 1} ∈ R, whereR set of rays in Hilbert space.

Wigner’s Theorem1

H Hilbert space. T symmetry transformation, T : R→ R, TRψ = Rψ′ , such that

| 〈ψ1 |ψ2〉 | = |
〈
ψ′1 |ψ

′
2
〉
|

∃U, unitary or antiunitary, such that ψ′ = Uψ, univocally determined up a phase factor.

G 3 r→ Ur = {U′r, r ∈ G : U′r = φ(r)Ur, |φ(r)| = 1}
Ur ↪→ Ur , UrUs 6= Urs, UrUs ∈ Urs ⇒ UrUs = ω(r, s)Urs

Ray Representation2

G Lie group. r, s, t, . . . ∈ G.

R(G) : r→Ur ∈ Ur

UrUs = Urs → UrUs = ω(r, s)Urs

|ω(r, s)| = 1, con ω(r, s) phase factor or multiplicator.

1Wigner, 1959; Bargmann, 1964; Weinberg, 1995
2Bargmann, 1954
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Localizable physical system in R

G translation group on R. ∆→ E(∆)

Definition

(H,E,U), whereH Hilbert space, E projection valued measure E(∆) onH, U : G→ U
representation of G, such that

E(∆) = U−1
a E(∆− a)Ua

it is called Imprimitivity System3 based on (R,B(R),G).

Von Neumann’s Theorem4

H Hilbert space. P, Q adjoint operators such that U(α) = eiαP, V(β) = eiβQ satisfy the
following:

U(α)V(β) = eiαβ V(β)U(α)

then P, Q are a Schrödinger’s couple, [Q,P] = i.

3Mackey, 1952
4von Neumann, 1931; Putnam, 1967; Jauch, 1968; Weyl, 1931
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Localizable physical system in R

G: group of Galilei’s transformations
G 3 r = (α, v), with product defined by
rs = (αr, vr) · (αs, vs) = (αr + αs, vr + vs)
Let W(α, v) be a representation of G, W ∈ U(H). Then:

W(αr, vr)W(αs, vs) = ei k
2 (αrvs−αsvr) W(αr + αs, vr + vs){

Uα = W(α, 0)

G−1
v = W(0, v)

→ UαG−1
v = eiαβ G−1

v Uα →

{
Uα = eiαP

G−1
v = eiβQ

The generator of time translation operator coincides with the system’s
hamiltonian operator:

H = H0+ V(Q) → H |ψ〉 = i
d
d t
|ψ〉

H0 =
P2

2k
→ k↔ mass
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Phase factors and phase exponents

G Lie group, r, s, t ∈ G, e identity of G. Let be N a neighbourhood
of e.

R(G) : r → Ur ∈ Ur

UrUs = ω(r, s)Urs, with r, s ∈ N

Equivalence relation:

ω′(r, s) =
φ(r)φ(s)
φ(rs)

ω(r, s), U′r = φ(r)Ur, with |φ(r)| = 1,

ω(r, s) = eiξ(r,s) where ξ(r, s) local phase exponent, ∀r, s ∈ N ⊂ G

ξ(r, e) = ξ(e, r) = 0

ξ(r, s) + ξ(rs, t) = ξ(r, st) + ξ(s, t)
∀r, s, t ∈ N

For connected and simply connected Lie groups:

ξ(r, s) local→ ξ(r, s) global
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Phase exponents and infinitesimal exponents

Equivalence relation: ξ ∼ ξ0 if

ξ(r, s) = ξ0(r, s) + ζ(r) + ζ(s)− ζ(rs) = ξ0(r, s) + ∆r,s[ζ]

s ∈ r(τ)⇒ ξ(r, s) = ξ(s, r) = 0

Local group: ξ(r, s)→ H : {θ, r}, θ ∈ R, r ∈ G

g Lie algebra of group G.
∃Ξ(a, b), with a, b ∈ g, bilinear, anti-symmetric, such that

Ξ(a, b) = lim
τ→0

τ−2 (ξ ((τa)(τb), (τa)−1(τb)−1) +

+ ξ(τa, τb) + ξ
(
(τa)−1, (τb)−1))

d Ξ(a, a′, a′′) = Ξ([a, a′], a′′) + Ξ([a′, a′′], a) + Ξ([a′′, a], a′) = 0

with Ξ infinitesimal exponent of g.
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Infinitesimal exponents

{an} basis of g, a =
∑
γiai, a′ =

∑
γ′iai (1 6 i 6 n)

Ξ(a, a′) =
∑

ij

βijγ
iγ′

j
, βij = −βj i = Ξ(ai, aj)

βij =
(
∂2ξ(r, s)
∂ρi∂σj −

∂2ξ(r, s)
∂ρ jσi

)
ρk=σk=0

Equivalence relation:

Ξ′(a, b) = Ξ(a, b)− Λ([a, b]) = Ξ(a, b)− d[Λ]

Λ(ai) = λi, βij =
∑

cm
ijλm (1 6 m 6 n)
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Bargmann’s Theorem

1 On a Lie group G, every local exponent ξ(r, s) is equivalent to a canonical
local exponent ξ′(r, s) which, on some canonical neighborhood N , is analytic
in the canonical coordinates r, s and vanishes if r, s belong to the same local
one-parameter subgroup. Two canonical exponent are equivalent if and only if
ξ′ = ξ + ∆[Λ] on some canonical neighborhood, where Λ(r) is a linear form
in the canonical coordinates of r, ∆[Λ] = Λ(r) + Λ(s)− Λ(rs).

2 To every canonical local exponent of G corresponds uniquely a infinitesimal
exponent Ξ(a, b) of the Lie algebra g of G, i.e., a bilinear antisymmetric form
which satisfies the identity d Ξ(a, a′, a′′) = 0. The correspondence is linear.

3 Two canonical local exponents, ξ, ξ′ are equivalent if and only if the
corresponding Ξ,Ξ′ are equivalent, i.e., if Ξ′(a, b) = Ξ(a, b)− Λ([a, b]),
where Λ(a) is a linear form on g.

4 There exists a one-to-one linear correspondence between the equivalence
classes of local exponents of G and the equivalence classes of infinitesimal
exponents of g.
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Galilei’s group in (3 + 1)-dimensions5

G group of Galilei’s transformations of elements r, s, t. The generic transformation of G is
given by: {

x′ = Wx + vt + u

t′ = t + η

where W orthogonal transformation, v, u ∈ R3, η ∈ R

r = (Wr, ηr, vr, ur)

rs = (WrWs, ηr + ηs,Wrvs + vr, ur + Wrus + ηsvr)

e = (1, 0, 0, 0), r−1 =
(

W−1
r ,−ηr,−W−1

r vr,−W−1
r (ur − ηrvr)

)

Z(r) =

Wr vr ur
0 1 ηr
0 0 1


(W, η, v, u) = (1, 0, v, 0) · (W, η, 0, u)

5Bargmann, 1954
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Algebra of G

Infinitesimal generators:

aij −→orthogonal transformations’ generators

Mij 0 0
0 0 0
0 0 0


dj −→Galilei’s pure transformations’ generators

0 κj 0
0 0 0
0 0 0


bj −→space translations’ generators

0 0 κj
0 0 0
0 0 0


f −→time translations’ generators

0 0 0
0 0 1
0 0 0


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Algebra of G

Commutations rules:

[aij, akl] = δjkail − δikajl + δilajk − δjlaik

[aij, bk] = δjkbi − δikbj; [bi, bj] = 0

[aij, dk] = δjkdi − δikdj; [di, dj] = 0; [di, bj] = 0

[aij, f ] = 0; [bk, f ] = 0; [dk, f ] = bk

Infinitesimal exponents:
Every infinitesimal exponents are equivalent to zero except one:

Ξ(bi, dk) = −Ξ(dk, bi) = γδik, γ ∈ R

Calculation of group’s exponents (~ = 1):
The equivalence classes of non equivalent exponents are multiples of a given ξ0(r, s), with γ
multiplicative factor:

ξ0(r, s) =
1
2

(〈ur |Wrvs〉 − 〈vr |Wrus〉+ 〈ηsvr |Wrvs〉)

ξ0 bilinear form which holds definition relations
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Generators of G

Generators of Galilei’s group6:

aij →Mk = iεijkaij [Mi,Mj] = iεijkMk

dj →Dj = idj [Mi,Dj] = iεijkDk; [Di,Dj] = 0

bj →Bj = ibj [Mi,Bj] = iεijkBk; [Bi,Bj] = 0

f →H = if [Mi,H] = 0; [Bk,H] = 0; [Dk,H] = iBk

Ξ(bi, dj) = 2ξ(bi, dj) = γδij, ξ(bi, dj) =
1
2

∑
βklρ

(i)
k σ

(j)
l

eiβDj eiαBi = e−iγαβδij eiαBi eiβDj ⇒ [Di,Bj] = −iγδij

∃S such that SDiS−1 = D̂i, SQiS−1 = Qi, SPiS−1 = P e D̂i − γQi = 0. Then:

H = H0 + V(Q), H0 =
P2

2γ

with γ ≡ particle mass: for every particle of different mass exists a non-equivalent multiplicator

and so a different ray representation of Galilei’s group7

6Bose, 1995; Toller, 1999
7Brennich, 1970
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Galilei’s group in quantum mechanics8

i
∂ψ

∂t
+

1
2µ
∇2ψ = 0

Let be ψ solutions of Schrödinger equation, r element of G, Galilei’s group:

ψ(X)→ ψ′(X′) = e−iθ(r,X′) ψ(r−1X)

θ(r,X) =µ

(
1
2

t 〈v | v〉 − 〈v | x〉
)

Phase exponent

ξq(r, s) = 〈ur |Wrvs〉 −
ηr

2
〈vs | vs〉 − ηr 〈vr |Wrvs〉

ξq = ξ0 + ∆[ζ], ζ(r) =
1
2

(ηr 〈vr | vr〉 − 〈vr | ur〉)

Representation of G

φ′(k) = Urφ(r−1k) = e−i(〈k | u〉− η
2γ
〈k | k〉+ η

2 γ〈v | v〉−γ〈u | v〉) φ(r−1k)

8Bargmann, 1954
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Galilei’s group in (2 + 1)-dimensions10

Phase exponents

ξ1(r, s) =
1
2

D(vr,Wrvs) ≡
1
2

(vr ∧Wrvs), Ξ(di, dj) 6≡ 0, λ

ξ2(r, s) = θrηs − θsηr Ξ(aij, f ) = S

Semi-direct product of G: GγλS = AγS ×t Hλ

AγS = {(1, η, 0, u; ζ0, 1, ζ2)}

Hλ = {(W, 0, v, 0; 1, ζ1, 1)}
→ (W, η, v, u; ζ0, ζ1, ζ2) = (1, η, 0, u; ζ′0, 1, ζ

′
2) · (W, 0, v, 0; 1, ζ1, 1)

ζ′0 = ζ0 e−i γ
2 〈u | v〉, ζ′2 = ζ2 eiSθη

Representation of G: U(g) = χ9(a)V(h), a ∈ AγS, h ∈ Hλ

Ray representations: γ = λ = S = 0

U(W, η, v, u) = eip0η π(W, 0, v, 0)

(U(W, η, v, u)f )(p0, p) = ei(ηp0+〈u | p〉) eia p∧v
r f (p0 + 〈v | p〉 ,W−1p)

9Karpilovsky, 1994
10Grigore, 1996; Bose, 1995
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〈u | p〉+ γ

2 〈u | v〉+
η

2γ
〈p | p〉− λ

2γ
(v∧p)+sθ

)
f (W−1(p + γv))

9Karpilovsky, 1994
10Grigore, 1996; Bose, 1995
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9Karpilovsky, 1994
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Galilei’s group in (1 + 1)-dimensions11

r = (ur, vr, ηr)

Phase exponent:

ξη(r, s) =
a1

2
(arvs − asvr + ηrvrvs) +

a2

2
(urηs − usηr − ηrηsvr)

UrUs = eiξη(r,s) Urs

Time depending generators

Rt(H) =−
~2

2m
∂2

x + fx + V0

Rt(P) =− i~∂x − ft

Rt(N) = mx− i~t∂x −
1
2

ft2

→

d
d t

Rt(X) = KRt([H,X]),Rt=0(X) = R(X)

V0 =
a3

2a1
= R(H)− a2x +

~2

2a1
∂2

x

C3 = 2HZ1 − 2KZ2 − P2,m = a1, f = a2

11Doebner, Mann, 1995
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Extension of Doebner and Mann approach

Doebner-Mann → higher dimensions

Rt(H) = R(H), Rt(Pi) = R(Pi), Rt(M) = R(M)

Rt(Ni) = − iR(Pi)t + R(Ni)

γ 6= 0, λ 6= 0, S = 0

N1 = − ip1t + γ
∂

∂p1
− i

λ

2γ
p2

N2 = − ip2t + γ
∂

∂p2
− i

λ

2γ
p1

γ 6= 0, λ = S = 0

Ni = −ipit + µ
∂

∂pi

(Ut(r)f )(p) = e−i〈p | vr〉t(U(r)f )(p)

(Ut(r)Ut(s)f )(p) =φ(r, s, t)ω(r, s)(Ut(rs)f )(p)

φ(r, s, t) = e−iγ〈vr |Wrvs〉t
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Physical interpretation of the phase exponents

Bargmann’s phase exponent

ξ0(r, s) =
1
2

(〈ur |Wrvs〉 − 〈vr |Wrus〉+ 〈ηsvr |Wrvs〉)

{
r =(1, 0, 0, u)
s =(1, 0, v, 0)

→ U(r)U(s) = eiξ(r,s) U(rs)→

 ξ(r, s) =
γ

2
〈u | v〉

rs =(1, 0, v, u)
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Physical interpretation of the phase exponents

Time depending phase exponent

φ(r, s, t) = e−iγ〈 vr |Wrvs〉 t

{
r =(1, 0, vr, 0)
s =(1, 0, vs, 0)

→(Ut(r)Ut(s)f )(p) = eiξ(r,s) φ(r, s, t)U(rs)→

→

{
φ(r, s, t) = e−iγ〈vr | vs〉t

rs =(1, 0, vr + vs, 0)

Σ r−→ Σr
s−→ Σs

γ 〈 vr | vs 〉 = (γ 〈 v | v0 〉)rs −
[
(γ 〈 v | v0 〉)r + (γ 〈 v | v0 〉)s

]
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Physical interpretation of the phase exponents

Time depending phase exponent
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Conclusion

Application of Bargmann’s ray representation theory to Galilei’s group in:

(3 + 1)-dimensions;

(2 + 1)-dimensions;

(1 + 1)-dimensions.

Extension of Doebner and Mann approach to higher dimensions;
Calculation of time depending ray representation of Galilei’s
group in (2 + 1)- and (3 + 1)-dimensions.

Future developments:

In order to develop phisycal application of Wawrzycki’s generalization of Bargmann’s
theory12, we’ll study the possibility to extend the Doebner and Mann approach to
Poincaré group.

12Wawrzycki, 2004
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